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CONSTRUCTION OF A NONLOCAL MODEL
FOR DIFFERENT-MODULUS VISCOELASTIC MEDIA

A. V. Kobosev UDC 534.22

A nonlocal mathematical model for a different-modulus viscoelastic body is constructed using the
Godunov-Romenskii model for a viscoelastic body and the technique of constructing different-modulus media
developed by V. P. Myasnikov et al. This approach made it possible to describe, within a unique model, the
rheological behavior of liquid and solid bodies and also transitions from an elastic state to plastic, semi-brittle,
brittle, and completely fractured states of bulk media.

1. Model for a Different-Modulus Elastic Body. In Euclidian space the elastic-strain tensor is
the Almansi strain tensor (€44 are the tensor components in the Cartesian coordinate system z4,a = 1, 3).

Let us consider the expansion of the density of internal energy E in a power series of €, and entropy
s for relatively small deformations. In the case of an isotropic body, E depends only on the strain-tensor
invariants Ii(||eqgll), ¢ = 1,3. Then,
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(® =p E, where p is the initial density). The initial state is chosen so that elastic stresses are equal to zero

(pap = 0) for €4 = 0, and then <I>’£a 5= 0. Hence, with accuracy to the additive constant <I°> we have
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where by = &/; by = —<I>’;,1; A= '1'111 + (1/2)‘1)'12; p= —(1/4)‘13'12; €agtfa = I? —2I3; and X and p are the
Lamé parameters. Summation is always performed over repeating indices. Below, the strain and stress tensors
are assumed to be symmetrical. In this case, T— ]°‘= (br(s— f;) = bo11)/ /07 and s— 5= (,?7 (T- 70‘) + b 11) /by
(E% = T is the temperature). From the continuity equation with accuracy to second-order terms with respect
to €49 we obtain p =p \/;iet“&,ﬂ — 2eq4l| =p (1 =11 +...) (6ap is the Kronecker symbol}.

Elastic stresses are defined by the Murnaghan formulas (1]

Pap = p(8ak ~ 2ak) By = (1 — I + ... )(ak ~ 260k) D
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Hooke’s law is extended to the case where temperature stresses and strains are taken into account.

Different approaches are applied to the construction of models for irregular media. For
microinhomogeneous media, effective moduli of elasticity of various types are usually introduced. We use
the technique developed in [2-4].
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Let us consider an elastic potential of the form

U= 5(L+ K@V + M+ GEE, (1.3)

where £ = 11/(60,[365(,)1/2; Ey = €qpepa — 1%/3; L = A+ 2u/3; and M = p. The functions K(¢) and G(€) are
additive corrections to the bulk modulus and the shear modulus of the Hooke's law that are caused by the
sensitivity of moduli to variation of £.

From the condition Uy g, = ngh we obtain restrictions on the selection of corrections:
32K +2(3 - €)Gg = 0. (1.4)
In this case,
Pag = (L + K(£))dbag + 2(M + G(£))dag, (1.5)

where d = I} = €4 and dop = €4 — db6,5/3 are the components of the strain deviator. It follows from (1.5)

that the mean stress p = paq/3 and the stress intensity po = \/3545580/2 (Sap = Pap — Pdap is the stress
deviator) depend on strains:

p=(L+ K(£))d=Q(¢{)d,po = 3(M + G(£))do = 3W ({)do. (1.6)

Here dp = \/2daﬂdﬂa/3 = \/252/3 and W(¢) > 0. The volume and shear strains are connected by the relation
Iy = (¢/y/1 = €2/3)VE, from which |¢] < V3.

We define the functions K(£) and G(£). For this purpose, according to (1.4) and (1.6), it is sufficient
to find only one of them. If K(¢) = Q(¢) — L, then

3§ g
- = !
G(§) = 5 0/ 3% de +G0)
One can set G(0) = 0. The constant M = W(0) is determined for pure shear deformation. If one uses the
relation G(¢) = W(£) — M, then
¢
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The constant L is determined from an experiment on hydrostatic compression when ¢ = —/3, L = Q(~/3) —
K(-V3).

Let us find the dependence of strains on stresses. We introduce the variable

(L + K(9)

- , 1.7
V20 = )M + G(9)) D

Solving (1.7) for £, we obtain ¢ = £(«). From (1.6) we have

v =

2 |

d=fitp, [i(v) =L+ KENT, das = %fz(‘r)saﬂ, f(y) = [M + GEN ™
Hence, we obtain the required dependence
Cas = 311 (1)Pbog + 5 F2(7)s0s 18)

Oleinikov [4] has shown the agreement of the different-modulus model and the experimental data which
were derived in a series of tests on proportional loading of rocks. He has concluded that the function G(¢) for
most tested rocks (diabase, coal, limestone, cement, and salt) can be satisfactorily approximated by a linear

745



function and is decreasing. Using this, we set G(¢) = —v€/2, v > 0 is const. Then,

K =-5(¢+ ;1 +2V3) + K(~VB) = —to(e + %)

Here without loss of generality one can assume K(—v/3) = 2v/3v/3. In this case,
A A€
U= 51? + HEQBER — I/I),/Eo,ﬂEﬂa = —2—[12 + pceagEﬂa,

Pap = (A1 = v\ I} = 212)bep + (2;1 -y

! ) e e
=== |Eqp = A [16ap + 2ufEqp, (1.9)
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where A = A — v/€ and p® = p — v€/2 are the effective elastic moduli; the value of ¢ in the relations for
strains is determined in terms of « from (1.7). The elastic potential includes an additional term that enables
one to allow for the dependence of the elastic moduli on the type of stress state and their stepwise change in
transition from tension to compression. '

Using the thermodynamic requirement of convexity of the elastic potential (of positive definiteness of
the quadratic form of U), we obtain additional restrictions on the choice of model parameters. Taking into

account the relations for the strain-tensor deviator €45 — (1/3} 11645 = (1/20°)(pag — Pbap), from (1.6) and
(1.9) we have

1
-2 - _ _
U= 2(Xe + 2#e/3)p + 4pe (pﬂﬂ péaﬁ)(paﬂ p‘saﬂ)-

The elastic potential is positively defined when

2u—-vE>0, 3A+2u —v(E+3/€) > 0. (1.10)
Let us use the representation (1.9) for U. From positive definiteness of the major minors of the matrix
|0 S
—vf2 A[2

we obtain the missing restriction

v < 2u (1.11)

Relation (1.11) gives the limiting value of ¥> = 2u), for which, when I; > 0, the potential loses
convexity, and relation (1.10) v = 0 gives the convexity conditions for an elastic (Hooke’s) medium for v = 0.

Thus, the model for a different-modulus elastic body with a linearly decreasing dependence of the
shear modulus on the parameter £ is completely described. Construction of models for different-modulus
media enables one to take into account the behavior of media relative to the sign and type of loading, which
is due to material microinhomogeneity.

2. General Equations of the Macroscopic Model for a Different-Modulus Viscoelastic
Medium. For strongly irregular media, one should apply a phenomenological approach. The basic principles
of nonlocal models are developed in [5]. In this paper, we use a model for a viscoelastic body [1] in which the
elastic parameters depend on the fracturing of the medium.

The equations of the laws of conservation of mass, momentum, and energy for multicomponent media
in the Cartesian coordinate system are as follows:

dp de; il C_ T
V=0 g VI M vl (=L N1, (2.1)
dva @ - dE Ova | d¢°  dg
o '—'—Pa Fa =1, s — Pa -— Iy 1.
ot = Bzylal P (a=13),  »rg b5z TPt TP
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where t is time; p = E pi is the density: v = Z ¢ivi is the velocity; My, pi, ¢i = pi/p, vi, and J; = pi(vi —v)
are the molecular wexght. density, mass concentratxon velocity, and diffusion ﬂow of the :th component; /; and
vij are the velocity and stoichiometric coefficients of the jth chemical energy (Z vij — 0); | Pagll, F, d¢°, and
dg* are the stress tensor, external mass force, heat influx, and nonthermal e:érgy sources; and d/dt is the
substantial derivative.

Elastic parameters depend on fracturing of the medium. In the same way as in the models of {6, 7],
we introduce the parameter u for the degree of material damage 0 < u < 1. When u = 0, there are no
microcracks. Elastic strains are described by Hooke’s model (v = 0). When u = 1, the medium is completely
fractured (v? = 2p)). Intermediate states (0 < u < 1) are described by the model of different-modulus media.

The u variation results in energy dissipation. Let us write the balance equations of energy and entropy:

dE = E.ds + E;aﬁdeag + Eéidc,- + Eydu + Eg_,dVau, Tds=dq®+dq (2.2)
(dq' is the uncompensated heat). Simplifying the last term in (2.2)

dV.u du du
Byun 2 = Va(Byan D) = (VaBo,) 5 — BoauVsuVavs,

we represent the stress tensor by the sum of elastic, viscous, and structural stresses:

Paﬁ = Paf + Cap — ElvauVﬁu. (2.3)
Then, from (2.1) and (2.2) we obtain

dq* ,  du
dt =J + VO'(EVauE?)a

dd 1 degg , de;  SEdu

ox M v : i i
dt (Paﬂ+°aﬂ) N TR 2 il s T

Here J is the intensity of nonthermal sources (for example, radioactive ones); §E/éu = E), — Vo Eg_, is the

variational derivative.

Elastic stresses are defined by the Murnaghan formulas (1.2), and the elastic-stress tensor satisfies the
equation

deqp _ _1_ vy avp) Ovg Ovg n 1
& 20z " ko2 Koz, T 2¥P
(lleapll is the relaxation matrix). Then,
v de 1
e _ pE! ( = ~Pap). 2.4
Pag axﬂ P €ap dt 28‘9 B ( )

To describe the rheological properties of the medium, we shall use the linear phenomenological relations

b2

b
Paf = chl(sa,g + 2Mcdm3 - b (T T)((l - 11)6aﬂ - 250[;),

b
0a5 = (C(VV) = H)bag + 2neas = 7l — Hiop,

where L = A® +2u°/3; M*® = p°; n and ( are the shear and volume viscosities; and H is a scalar function of
(Vv) that is nonlinear in a general case;

11606
(2.5)

1/ Ovg 81}[3 2
€af = 5(5;/; + 9z, 3 aB(Vv)).

We introduce the heat flux vector J, to reduce the heat-influx dg® to the divergent form dg® = —(1/p)(VJ,)dt.
Using (2.4) and the equations of conservation of the concentration of the components, we write the equation
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of entropy balance as

ds 1 N
p:E-VJ + o, J3=—?(JQ—§[L|'J,'),
N
pJ Uuﬁava Hi P p 6E du
o= i = = (VT3 Sy PN by
=TT Gz ?;A )~ ;“ VT) = arEeas?er ~ T8

N
Here J, is the entropy flux; o5 is the power of energy sources; A; = ¥ piM,vij; and y; = E. are the chemical
1=1 !
potentials of the components.

According to the second thermodynamics law, o5 > 0 and the equality is achieved only for reversible
processes. The condition of nonnegativity of internal entropy production imposes additional restrictions on
the relationships between thermodynamical forces and fluxes. Let us formulate these restrictions.

By virtue of the Curie symmetry principle [8],

1, Ovg - 1 N i
—gt e P 530, —=(VT-J,) - (J,--v—-) >0,
T "38:1:5 9T cap™f T? 7 ; T (2.6)
1 & 1 p §E du
S Al - ZHV v 30, LM,
T LA V20 g 20

Using the dissipativity postulate o, 5Vgva > 0, which holds when 7 > 0 and { > 0, we have
—(p/T )E,':a sPaB 2 0. Relaxation and friction are irreversible dissipative processes, each increasing entropy.
Relaxation processes can be specified by the relations (9, 10] pop = —(2/7)(€ap ~ Sappl  Eik/Pe, ), where T is
the relaxation time.

To describe thermodynamic fluxes, we use linear phenomenological relations with symmetrical
coefficients. Then, the second inequality in (2.6) is valid in the case of positive definiteness of the matrix
of phenomenological coefficients [9]. Heat and diffusion fluxes are usually written as

N-1

Ji=—p Z DyVer— pSiVinp — pDiVInT,
l_-

N-1 . N -
=—aeVT+ZhJ,—pZ Dr: 3(—“'—pﬁ’ﬁvp+szc,).

i=1 i=1 o =1 da

Here h; = —T28(ui/T)/8T is the enthalpy of the ith component of the mixture; Dy, Si, and Dr; are the

diffusion, barodiffusion (sedimentation), and thermal diffusion coefficients; @ is the thermal conductivity
coefficient; and p is the pressure.

To describe chemical reactions, we use the general thermodynamical relations for nonequilibrium

processes. In phenomenological description, the number n of independent reactions cannot exceed N. We
assume that n = N. The general relations are of the form

oK oK
= TV -vy = T 94 (27)

where K(p,T, Ay ... Apn, VV) is the dissipative chemical potential which describes the chemical properties of
mixtures. For them the required inequality should be satisfied.

From the viewpoint of thermodynamics of nonequilibrium processes, physicochemical transformations
are a particular case of possible scalar relaxation processes. Analysis of their interaction with the viscous-flow
processes shows [11] that the rheological effect of chemical reactions is associated with volume viscosity (2.5).

Volume viscosity changes significantly when the dependence of {; on the rate of volume change of a
mixture component is strong. For most rocks viscous stresses are primarily determined by shear viscosity. In
this case, volume viscosity and the dependence of the dissipative chemical potential on Vv can be ignored:
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Oap = 2Neqg.

From (2.6) we obtain fracture kinetics:

du oF
i —CE. (2.8)
The elastic parameters A, g, and v depend on u. For example,
A=X(l=f+Mf, p=p(l=f)+m/f, v=uwf. (2.9)

Here Ay and g are the parameters for u = 0; Ay, g1, and v; = 2u; A} are the parameters for u = 1, f(0) =0,
and f(1) = 1. As a function f(u), one can use the volume portion of the damaged material of the element under

consideration. Then, the medium can be considered a mechanical mixture of cured and fractured materials.
Substituting (2.9) into (1.9), we obtain

U=(1-/lo+ fUn, (2.10)

where Uy = (A0/2)112 + poEqpEpe and Uy = (/\1/2)112 + H1€afEBa — Illllm.
The dependence of £ on u and Vu is specified in the form

E(u, Vu) = D(u — u)3(u — up)? 4 §VauVau (2.11)

(u; and uy are degrees of fracture that correspond to the given temperature and zero load in transient and
brittle states of medium). Using the fourth-order polynomial in u enables one to describe the existence of two
stable steady states to one of which (depending on initial conditions) the medium relaxes upon load relief.
These two steady states of equilibrium are separated by the intermediate unsteady state uz = (u; + u2)/2.

In a certain range of variation of stress and temperature the medium can be in a state of relatively
stable physical properties (the values of physical quantities are close to those at equilibrium), and then it
changes its properties, jumpwise entering into another rheological state. Thus, the degree of fracture is close
to the corresponding values of (0, ui, uz, and 1). With change in the rheological state, the degree of fracture
changes jumpwise.

It is necessary to ensure the continuity of transition of bulk media (u =1 and 2pA = v?) to a limiting
unsteady state in which when the elastic potential loses convexity: U = 0 when ¢ = £* = 2u/v.

The limiting state is achieved when the loading point emerges on the fracture surface, i.e., at loads
resulting in discontinuity decay or shear that can grow without an increase in the load. To describe the
behavior of bulk media and the features of deformation in the limiting state, one can use a deformation
model. The model takes into account the governing properties of the media such as dilatancy, zero resistance
to tensile stresses, limited ability to strengthening, and the instability of limiting deformation. The equations
that relate strains with stresses under loading of bulk media in terms of deformation theory are constructed
in {12, 13].

Considering the properties of the model, one can assume that the viscosity coefficients are variable
parameters. The state of a material that is stable with respect to the degree of fracture is consistent with the
regime of steady-state creep (accumulation of irreversible strains). A change in the degree of fracture leads
10 a change in the creep rate and a jump of viscosity. At a low degree of fracture and -3 < € < & (overall
compression and small shear), a high-temperature creep regime can occur. At high temperatures, viscosity
decreases sharply. To describe such transitions, it suffices to assume the presence of jumps in the dependence
of the medium’s viscosity on u, T, and p.

The quadratic dependence of energy on Vu is the simplest for an isotropic medium. In accordance with
(2.10) and (2.11), the stress tensor and the equation of kinetics of u become

Pog = A 1160g + 2u%€ag + (C(VV) = H)bop5 + 2neas — 26V quVgu,

d
Ti% = C(éf,’,(Uo = Uy) = 4D(u — uy)(u - u2)(u _ ;w) +25Au),
P

where Au = V4Vau.
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The equation of kinetics of u can be used to describe the dynamic effects associated with transition
from one rheological state to another. The transition zone or the failure front are determined by specifying
the parameter 6.

The values of the parameters Ag, wo, Ay, g1, D, uy, uz, and 8 should be determined experimentally,
and the selection of the initial distributions of u and f(u) should be consistent with the properties of the
quantities obtained from qualitative analysis.

Thus, we constructed a model for a different-modulus viscoelastic body that makes it possible to
describe the presence of various rheological states and to take into account the different-modulus properties of
material and the nonlocal character of failure. The model is sufficiently simple and can be used for numerical
simulation of complicated processes in irregular media, and for solution of a number of practical problems in
geophysics and mining engineering.
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